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LETTER TO THE EDITOR 

Stokes' phenomenon at second-order pole and reflectionless 
potentials 

S SlavyanovtP and W Lay$ 
t Max-Planck-Institut fur Metallforschung, Institut fur Physik, D-7000 Stuttgart 80, Federal 
Republic of Germany 
$ Universitat Stuttgart Institut fur Theoretische und Angewandte Physik, D-7000 Stuttgart 
80, Federal Republic of Germany 

Received 2 May 1990 

Abstract. Some classes of analytic potentials with second-order poles and corresponding 
asymptotic solutions of the Schrodinger equation are studied. The main goal of the analysis 
is to answer the question as to whether a Stokes phenomenon and therefore a reflection 
takes place for those equations. It is shown that one can notice the Stokes phenomenon 
not only in the leading term of an asymptotic expansion but also in higher-order ones. 
Therefore for only a restricted set of potentials proposed, the reflection coefficient is exactly 
equal to zero although it looks like that for other potentials in the first approximation. 
This letter gives rise to a further extension of the original approach of Berry and Howls. 

In a paper by Berry and Howls (1990) a very fruitful approach to the reflectionlessness 
phenomenon for the one-dimensional Schrodinger equation was formulated which is 
completely different from the original one (Kay and Moses 1956). Their main idea is 
that reflectionlessness takes place if the asymptotics at transition points in a complex 
plane is constructed not with the help of Airy or Weber functions but with the help 
of 'fake' functions which in fact can be expressed in terms of Bessel functions of 
half-integer order. The Stokes phenomenon for the latter functions does not take place 
since they are elementary. Therefore there exist solutions for which asymptotics consist 
only of one exponent in the vicinity of the transition point. These solutioris correspond 
to waves without reflections. That is different from an ordinary case where the reflection 
coefficient is exponentially small but still not zero (Pokrovskii er a1 1958). The sig- 
nificance of reflectionless potentials in soliton theory is well known. Therefore any 
new possibility to introduce a class of reflectionless profiles is worthy of further 
considerations. 

In our letter we try to propose further details for Berry's formalism. The mathemati- 
cal treatment is mostly formal although we are convinced that strict proofs can be 
given as well. 

We shall begin with a model equation of the form 

Y " + [ P 2 q ( x ) + ~ ( ~ ) - C L l x 2 1 ~ ( x )  = o  (1) 
where p is a large parameter ( p  >> 1) and try to answer whether a Stokes phenomenon 
takes place for the solution of equation (1) at the point x = 0. 
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Functions q ( x )  and r ( x )  are considered to be analytical functions in a vicinity of 

( a )  q ( x ) > O  at the real axis. 

( b )  d o )  = 0 d o )  f 0 q ( x )  < 0 for x < O  

the real axis. Different possible cases of the shape of q ( x )  are considered. 

4 ( x )  ’ 0 for x > 0. 

( c )  4 b )  = 0 q ( x ) > O  for x > 0 and for x < 0. 

( d )  q ( x )  = q , ( x ) / x  41(0) > 0. 
The answer to the question as to whether the Stokes phenomenon takes place for 
equation (1) at x = O  depends upon whether a comparison equation in cases ( a ) - ( d )  
can be chosen in the form: 

( a )  

( b )  u ” + [ p 2 ( -  (61+5)(62+ 1 ) / (16&)]~  = O  
( c )  U ” +  [ p 2 t 2  - (41 + 1)(4I+ 3 ) /  (4t2)] U = 0 

(4  U ” +  [ p 2 / t -  (21+3)(21 - 1))/(16t2)]u =O. 

U ”  + [ p - I ( I + 1 )/ 5 2 3  U = 0 

Their solutions are 

( a )  U = t1/ ’zr+1/2(pt)  

( b )  U = t1/2zr+i/2($p~3/2) 

( c )  U = t1/2zr+1/2(&2) 

( d )  U t’/2zr+ 1 / 2 ( 2 ~ 5 l / ~ )  

Now we have to construct a mapping x +  5 expanded in an asymptotic series of 
where Zl+1/2(f) is any cylinder function (Bessel or Hankel) of half-integer order. 

the form 

where &(x) are regular functions at the origin which transforms equation (1) in the 
cases ( a ) - ( d )  to one of the equations ( a ) - ( d )  respectively. 

It is easy to prove that the function t(x, p )  satisfies an equation 
t ’ 2 R , ( t )  - q ( t )  - r ( x )  - p - 2 ( p a t ’ 2 t - 2 - p ~ - 2 )  -’ 2P -’ { t , x ) = O  
{t, x }  = y 6 ) - 1 - 3 5 r r 2 5 f - 2  ( 3 )  

where a refers to the cases (a ) - (d ) ,  so that 

R,  = 1 Rb = 5 R, = t2 Rd = e-’ 
pa = I ( / +  1 )  pb = (61 + 5)( 61 + 1 )/ 16 
p, = (411- 1)(4/+3)/4 p d  = (21+3)(21- 1)/16. 

By substituting the expansion (2) into equation (3) and equating the subsequent terms 
in powers of p - 2  one formally gets instead of (3) the following recurrence set of 
equations 

5h2Ru(50) = (4) 

25hRY2(50) d/dx[51R?’(50)1= ~ ( ~ ) + ~ ~ 5 ~ ~ 5 ~ ~ - - ~ - ~ + f { 5 0 ,  X} ( 5 )  
25hRY2(50) d/dX[5flR:/2(50)1 = P u F l f l ( X )  + I=&). ( 6 )  
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where Fl,(x) and F2,(x) are functions of to,. . . , & - l .  It is easy to obtain that a regular 
solution of the equation (4) is given by the formula 

According to this formula the function to-+ x is expanded in the vicinity of the origin 
in a Taylor series of the form 

W 

&(x) = UjX' a ,  # 0. 
j = 1  

Now if one wants to exclude a second-order pole on the right-hand side of equation 
( 5 )  it is necessary to choose the quantity p in equation (1) equal to pa. 

But still there exist in general a singularity of the first order. It can be smoothed 
up to an integrable singularity only in the case ( d ) .  In the other cases as a general 
fact there is no full asymptotic expansion in terms of Bessel functions of half integer 
order valid at the origin. Therefore more sophisticated comparison equations should 
be chosen. Still for potentials with additional properties this possibility exists. 

For instance if in the case ( a )  the functions q ( x )  and r(x) are symmetrical, that 
is that their Taylor expansion at the origin consist of only even powers of x, then we 
can obtain a set of solutions of the equations ( 5 )  and (6) regular at the origin. We 
have to mention that an example presented in Berry's article actually belongs to this type. 

The ground reason for the troubles in cases ( a ) - ( c )  are due to the fact that a 
second-order pole gives rise to a cluster of additional transition points at small 
separation of each other. If this separation is too small we do not need to treat the 
points of this cluster separately but if it is not small enough we have to introduce some 
new terms and parameters in a comparison equation which makes it more complicated 
and not solvable in terms of Bessel functions of half-integer order. The idea that a 
more simple comparison equation can be used for the first-order term and a more 
complicated one should be used for higher approximations was originally proposed 
by Olver (1975). 

Now we have to extend our consideration to a larger amount of points in a complex 
plane with the same characteristics that we have already examined. It is evident that 
all of these points should have the feature that we formulated, namely that one of 
equations ( a ) - ( d )  can serve as a comparison equation at this point in all orders. Only 
in this case reflectionlessness takes place. 

It is easy to construct an example of a potential where the equation ( d )  serves as 
a comparison equation that is 

y = o .  
p 2  + (21+ 3 ) ( 2 1 -  1) )  

4( t2+  1)2  

This equation has solutions in terms of a hypergeometric function and there is no 
Stokes phenomenon for its solution. But we have to take energy to be zero so that no 
plane wave exists. Otherwise additional turning points exist. 

We take as well an equation of the form 

1 *) Y ( X )  = 0 
j = - w  ( x - ( j +  1/2)ih) 

but in this case for the sake of symmetry at each pole the functions q(x)  and r(x) 
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should be periodic in a complex plane with an imaginary period ih. At the same time 
there should be no additional turning points. 

A well known result is 

d x )  = 1 
m 

,=-m (z - $ ~ ( 2 j +  1)12 

There still exists the problem of proving within the presented 
no other examples. 

= 0. 

approach that there are 
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